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The Laplace's Equation

∇2𝑓 = 0
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𝜕𝜙2 𝑓

The angular part solution of the PDE is the spherical harmonics

𝑌𝑛
𝑚 𝜃, 𝜙 =

2𝑛 + 1

4𝜋

𝑛 − 𝑚 !

𝑛 + 𝑚 !
𝑃𝑛
𝑚 𝑐𝑜𝑠𝜃 𝑒𝑖𝑚𝜙

Band 𝑛, mode 𝑚. for n ≥ 0 and −n ≤ m ≤ n.
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Spherical Harmonics
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Spherical Harmonics

 𝑌𝑛
𝑚 𝜃, 𝜙 Orthonormal Basis on the sphere.

 Spherical Harmonics Reconstruction

𝐹 𝜃, 𝜙 = 

𝑛=0

∞



𝑚=−𝑛

𝑛

𝑓𝑛,𝑚 𝑌𝑛
𝑚 𝜃, 𝜙 =

𝑖=0

∞

𝑓𝑖 𝐵𝑖

 Spherical Harmonics Projection

𝑓𝑛,𝑚 = න𝑓 𝜃, 𝜙 𝑌𝑛
𝑚 𝜃, 𝜙 ∗ dΩ = න𝐹𝐵𝑖
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Rendering

 3-Dimensional Field (light audio).

 Relighting Precomputed Radiance Transfer, Shadow Fields.

𝐿0 𝑥, 𝜔𝑜 = න𝐿 𝑥,𝜔𝑖 𝜌 𝜔𝑖 , 𝜔𝑜 𝑑𝜔
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Spherical Harmonics Product

 Spherical Harmonics Double Product 

න𝐹1 𝜔 𝐹2 𝜔 𝑑𝜔 = න

𝑖

𝑓1,𝑖𝐵𝑖 𝜔 

𝑖

𝑓2,𝑖𝐵𝑖 𝜔 𝑑𝜔 =

𝑖

𝑓1,𝑖𝑓2,𝑖 = 𝒇1 ∙ 𝒇2

 Spherical Harmonics Triple Product 

න𝐹1 𝜔 𝐹2 𝜔
𝐺 𝜔

𝐹3 𝜔 𝑑𝜔 =

𝑖



𝑗



𝑘

𝐶𝑖,𝑗,𝑘𝑓1,𝑖𝑓2,𝑗 𝑓3,𝑘

𝑔𝑘=𝒇1⊗𝒇2

= 𝒇1⊗𝒇2 ∙ 𝒇3

where 𝐶𝑖,𝑗,𝑘 = 𝐵𝑖 𝜔 𝐵𝑗 𝜔 𝐵𝑘 𝜔 𝑑𝜔

 Complexity 𝑂 𝑛6
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Spherical Harmonics Product

 Spherical Harmonics Multiple Product 

න𝐹1 𝜔 𝐹2 𝜔 ⋯𝐹𝑘−1 𝜔
𝐺 𝜔

𝐹𝑘 𝜔 𝑑𝜔

=⋯𝐶𝑗1,𝑗2⋯𝑗𝑘 𝑓1,𝑖𝑓2,𝑗 𝑓3,𝑘

𝑔𝑘=⊗𝑘 𝒇1,𝒇2,⋯,𝒇𝑘−1

=⊗𝑘 𝒇1, 𝒇2, ⋯ , 𝒇𝑘−1 ∙ 𝒇𝑘

where 𝐶𝑗1,𝑗2⋯𝑗𝑘 = 𝐵𝑗1 𝜔 𝐵𝑗2 𝜔 ⋯𝐵𝑗𝑘 𝜔 𝑑𝜔

 Complexity 𝑂 𝑛2𝑘
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Spherical Harmonics and 2D Fourier 

Series

 2D Fourier Series

𝐹 𝜃, 𝜙 = 

−𝑛<𝑠,𝑡<𝑛

𝑓𝑠,𝑡
∗ 𝑒𝑖 𝑠𝜃+𝑡𝜙

 Rewrite SH to Fourier Series

𝑌𝑙
𝑚 𝜃, 𝜙 =

𝑠,𝑡

𝑦𝑠,𝑡
∗ 𝑒𝑖 𝑠𝜃+𝑡𝜙

 Conversion from SH to Fourier series

𝐹 𝜃, 𝜙 = 

𝑙=0

𝑛−1



𝑚=−𝑛

𝑛

𝑓𝑙,𝑚𝑌𝑙
𝑚 𝜃, 𝜙 =

𝑠,𝑡

𝑓𝑠,𝑡
∗ 𝑒𝑖 𝑠𝜃+𝑡𝜙

 Conversion Complexity 𝑂 𝑛3
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Fourier Series Product

 Spherical Harmonics Triple Product 

𝐺 𝜃, 𝜙 = 𝐹1 𝜃, 𝜙 𝐹2 𝜃, 𝜙 = 

𝑠1,𝑡1

𝑓1,𝑠1,𝑡1
∗ 𝑒𝑖 𝑠1𝜃+𝑡1𝜙 

𝑠2,𝑡2

𝑓2,𝑠2,𝑡2
∗ 𝑒𝑖 𝑠2𝜃+𝑡2𝜙

𝐺 𝜃, 𝜙 =

𝑠,𝑡

𝑔𝑠,𝑡
∗ 𝑒𝑖 𝑠𝜃+𝑡𝜙

𝑔𝑠,𝑡
∗ = 

𝑠1+𝑠2=𝑠
𝑡1+𝑡2=𝑡

𝑓1,𝑠1,𝑡1
∗ 𝑓2,𝑠2,𝑡2

∗ ⇔ 𝒈∗ = 𝒇1
∗ ∗ 𝒇2

∗

where ∗ denotes the 2D convolution operator.

 Could be solved by FFT
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Fast SH Multiple Product

න𝐹1 𝜔 𝐹2 𝜔 ⋯𝐹𝑘−1 𝜔
𝐺 𝜔

𝐹𝑘 𝜔 𝑑𝜔 = ⊗𝑘 𝒇1, 𝒇2, ⋯ , 𝒇𝑘−1
𝑔

∙ 𝒇𝑘

𝐺 𝜃, 𝜙 =

𝑠,𝑡

𝑔𝑠,𝑡
∗ 𝑒𝑖 𝑠𝜃+𝑡𝜙

𝒈∗ = 𝒇1
∗ ∗ 𝒇2

∗ ∗ ⋯∗ 𝒇𝑘−1
∗

 Could be solved by FFT
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Fast SH Multiple Product

𝒈∗ = 𝒇1
∗ ∗ 𝒇2

∗ ∗ ⋯∗ 𝒇𝑘−1
∗

 Straight-forward way

𝒈∗ = 𝒇1
∗ ∗ 𝒇2

∗

𝑑𝑒𝑔. 2𝑛−1

∗ 𝒇3
∗ ∗ ⋯∗ 𝒇𝑘−1

∗

𝑑𝑒𝑔. 3𝑛−2

𝑑𝑒𝑔. 𝑘−1 𝑛−1 +1

 Divide-and-conquer

𝒈∗ = 𝒇1
∗ ∗ 𝒇2

∗

𝑑𝑒𝑔. 2𝑛−1

⋯ 𝒇 𝒌/𝟐 −1
∗ ∗ 𝒇 𝒌/𝟐

∗

𝑑𝑒𝑔. 2𝑛−1

𝑑𝑒𝑔.
𝒌
𝟐 𝑛−1 +1

∗ 𝒇 𝒌/𝟐 +1
∗ ∗ 𝒇 𝒌/𝟐 +2

∗

𝑑𝑒𝑔. 2𝑛−1

⋯𝒇𝒌−𝟏
∗

𝑑𝑒𝑔.
𝒌
𝟐 𝑛−1 +1

𝑑𝑒𝑔. 𝑘−1 𝑛−1 +1

 Complexity 𝑂 𝑘2𝑛2𝑙𝑜𝑔 𝑘𝑛
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Fast Spherical Harmonics Product
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Complexity

 Traditional: 𝑂 𝑛2𝑘

 New Method: 𝑂 𝑘𝑛3 + 𝑘2𝑛2𝑙𝑜𝑔 𝑘𝑛

SH to FS: 𝑂 𝑘𝑛3 + FS convolution: 𝑂 𝑘2𝑛2𝑙𝑜𝑔 𝑘𝑛
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Conclusion 

New Approach provide

 Simplifying from Spherical Harmonics Product to Convolution.

 Fast Spherical Harmonics Product through FFT in the Fourier Space.
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